This paper gives an overview of the geometrization conjecture and approaches to its proof.
Introduction
In 1300, Dante described a universe in which the concentric terraces of hellnesting down to the center of the earth -are mirrored by concentric celestial spheres, rising and converging to a single luminous point. Topologically, this finite yet unbounded space would today be described as a three-dimensional sphere.
In 1904, Poincaré asked if the 3-sphere is the only closed 3-manifold in which every loop can be shrunk to a point; a positive answer became known as the Poincaré conjecture. Although the theory of manifolds developed rapidly in the following generations, this conjecture remained open.
In the 1980's, Thurston showed that a large class of 3-manifolds are hyperbolic -they admit rigid metrics of constant negative curvature. At the same time he proposed a geometric description of all 3-dimensional manifolds, subsuming the Poincaré conjecture as a special case.
Both the Poincaré conjecture and Thurston's geometrization conjecture have now been established through the work of Perelman. The confirmation of this achievement was recognized by a conference at the Institut Henri Poincaré in 2010. This article -based on a lecture at that conferenceaims to give a brief and impressionistic introduction to the geometrization conjecture: its historical precedents, the approaches to its resolution, and some of the remaining open questions. Additional notes, and references to some of the many works treating these topics in detail, are collected at the end. 
Surfaces and tilings
We begin by recalling the geometrization theorem in dimension two.
Theorem 2.1 Any closed, orientable topological surface S can be presented as a quotient of S 2 , E 2 or H 2 by a discrete group of isometries.
Concretely, this means S can be tiled by spherical, Euclidean or hyperbolic polygons.
Proof. By the classification of surfaces, we may assume S is a sphere, a torus, or a surface of genus g ≥ 2. The theorem is immediate in the first two cases. In terms of tilings, one can assemble S 2 out of 8 spherical triangles with all angles 90 • ; and a torus can be tiled by 8 Euclidean squares, which unfold to give the checkerboard tiling of E 2 .
Next we observe that a surface of genus g = 2 can be assembled from 8 regular pentagons (see Figure 2) . The right-angled pentagons needed for this tiling do not exist in spherical or Euclidean geometry, but they do exist in the hyperbolic plane. Passing to the universal cover S, we obtain a periodic tiling of H 2 and an isometric action of the deck group Γ ∼ = π 1 (S) on H 2 yielding S as its quotient. Any surface of genus g ≥ 3 covers a surface of genus 2, so it too can be tiled by pentagons -one just needs more of them.
Uniformization. The geometrization theorem for surfaces was essentially known to Klein and his contemporaries in the 1870's, although the classification of abstract surfaces according to genus, by Dehn and Heegaard, was not proved until 1907. It is definitely more elementary than the uniformization theorem, proved in the same era, which asserts that every algebraic curve can be analytically parameterized by C, C or H 2 .
The converse is also true, as was shown by Poincaré; in particular:
Theorem 2.2 Every compact Riemann surface of the form X = H 2 /Γ is isomorphic to an algebraic curve.
For the proof, we need to construct meromorphic functions on X. A natural approach is to start with any rational function f (z) on the unit disk ∆ ∼ = H 2 , and then make it invariant by forming the Poincaré series The result can then be regarded as a meromorphic function on X.
Unfortunately this series has no chance of converging: the orbit γ(z) accumulates on points in ∂∆ where f (z) = 0, so the terms in the sum do not even tend to zero.
However, the sum does converge if we replace the function f (z) with the quadratic differential q = f (z) dz 2 , since then |q| behaves like an area form, and the total area near the boundary of the disk is finite. This makes Θ(q) into a meromorphic form on X; and ratios of these forms, Θ(q 1 )/Θ(q 2 ), then give enough meromorphic functions to map X to an algebraic curve.
Thus algebra, geometry and topology are mutually compatible in dimension two.
Poincaré's Θ-operator also plays an unexpected role in the theory of 3-manifolds; see §5.
The geometrization conjecture for 3-manifolds
We now turn to the 3-dimensional case.
In contrast to the case of surfaces, which are ordered by genus, the world of 3-manifolds resembles an evolutionary tree, with phyla and species whose intricate variations admit, at best, a partial ordering by various measures of complexity. An organizing principle for 3-manifolds seemed elusive until, in the 1980's, Thurston proposed:
Conjecture 3.1 (The geometrization conjecture) All compact 3-manifolds can be built using just 8 types of geometry.
The 8 geometries featured in this conjecture come from the following simply-connected homogeneous spaces:
1. The spaces of constant curvature, S 3 , E 3 and H 3 ; 2. The product spaces R × S 2 and R × H 2 ; and 3. The 3-dimensional Lie groups Nil, Sol and SL 2 (R).
A 3-manifold M is geometric if it can be presented as the quotient M = H/Γ of one of these homogeneous spaces by a discrete group of isometries. By gluing together geometric 3-manifolds along suitable spheres or tori, one obtains composite manifolds.
The geometrization conjecture states that any compact 3-manifold is either geometric or composite. In other words, any 3-manifold can be factored into 'geometric primes'.
Hyperbolic manifolds. Most of the 8 geometries are only required to describe fairly simple 3-manifolds: products or twisted products of circles and surfaces (spaces of 'dimension 2 1 2 '). The manifolds covered by S 3 and E 3 are also special -they are just finite quotients of the sphere or the 3-torus.
The only remaining case is that of hyperbolic manifolds -those of the form M = H 3 /Γ. Thus a principal corollary of the geometrization conjecture is that most 3-manifolds are hyperbolic. 1 On the other hand, since S 3 is the only closed, simply-connected geometric 3-manifold, the geometrization conjecture also implies the Poincaré conjecture.
Spherical and hyperbolic dodecahedra. As in the case of dimension two, geometric 3-manifolds correspond to periodic tilings. Two such are shown in Figure 3 . Poincaré originally speculated that the condition H 1 (M, Z) = 0 would be sufficient to characterize the 3-sphere. The space M = S 3 /Γ just constructed (also discovered by Poincaré) provides a counterexample, since π 1 (M ) ∼ = A 5 abelianizes to the trivial group.
The second image in Figure 3 shows a tiling of H 3 by infinitely many negatively-curved dodecahedra. Now the dodecahedra meet four to an edge; their faces are the same right-angled pentagons that appeared in Figure 2 . This pattern provides a hyperbolic metric on a closed 3-manifold M that can be obtained as a 4-fold cover of S 3 branched over the Borromean rings. 
is the ring of integers in a complex quadratic field.
The action of a Bianchi group by Möbius transformations on C extends to an isometric action on H 3 . Passing to a subgroup of finite index, we can ensure that Γ ⊂ SL 2 (O) is torsion-free, and hence M = H 3 /Γ is a manifold. General principles insure that M has finite volume, but it is never closed; instead, it is homeomorphic to the complement of a knot or link in some closed 3-manifold M .
An important example is provided by the Eisenstein integers, O = Z[ω] where ω 3 = 1. In this case Γ ⊂ SL 2 (Z[ω]) can be chosen so that M = H 3 /Γ ∼ = S 3 − K is the complement of the figure-eight knot in the sphere.
Similarly, using O = Z[i], one obtains an arithmetic hyperbolic structure on the complement of the Whitehead link (Figure 4) .
These examples are related to tilings of H 3 by regular ideal tetrahedra and octahedra respectively. Rigidity. The architectural integrity of the frameworks shown in Figure 3 , and the arithmeticity of the preceding examples, reflect an important feature of the passage from 2 to 3 dimensions: while topology becomes more flexible in higher dimensions, geometry becomes more rigid. A precise statement is furnished by:
Theorem 3.2 (Mostow Rigidity) The geometry of a finite-volume hyperbolic 3-manifold is uniquely determined by its fundamental group.
Because of this uniqueness, geometric quantities such as the hyperbolic volume of M 3 or the length of its shortest geodesic are actually topological invariants. For example, the figure-eight knot satisfies
The geometrization conjecture becomes even more striking when seen in light of this rigidity. A comparison to number theory. The influence of the Poincaré conjecture on low-dimensional topology can be compared to the influence of Fermat's last theorem on number theory. Both conjectures have been driving forces in mathematics, but both their formulations are essentially negative. The geometrization conjecture placed the Poincaré conjecture in the context of a comprehensive picture of 3-dimensional topology that could be tested and developed in many new directions. Similarly, work of Frey, Ribet and Serre in the 1980's showed that Fermat's last theorem would follow from the modularity conjecture, which states:
Like the geometrization conjecture, the modularity conjecture is constructive and testable. For example, in 1993 Cremona calculated all the modular elliptic curves with conductor N ≤ 999, lending support to the conjecture and furnishing important arithmetic invariants of these elliptic curves.
Some of the experimental work carried out for 3-manifolds will be discussed in the sections that follow.
Knots
What has become of all the simpler vortex atoms?
-P. G. Tait, 1876.
Knots and links provide a glimpse of the full complexity of 3-dimensional topology. In this section we discuss Thurston's results on hyperbolic 3-manifolds, and their impact on knot theory.
Hyperbolic knots. A knot is a smoothly embedded circle in S 3 . The union of finitely many disjoint knots is a link. By removing a thickened link in S 3 (a union of solid tori) and gluing it back in with a twist, one obtains a new 3-manifold M . Lickorish showed that all orientable 3-manifolds can be obtained by surgery on links in S 3 [Li] .
In the early 1980's Thurston established several major cases of the geometrization conjecture, including the following unexpected results:
1. Almost all knots are hyperbolic; 2. Almost all surgeries of S 3 along hyperbolic knots and links yield hyperbolic manifolds; and 3. The result M of gluing together two hyperbolic 3-manifolds is hyperbolic, unless π 1 (M ) contains a copy of Z 2 .
Here a knot or link L is hyperbolic if S 3 − L is homeomorphic to a finite volume hyperbolic manifold H 3 /Γ. In the first statement, just torus knots and satellite knots must be avoided; in the second, finitely many surgeries must be excluded on each component of the link. The third statement is the key to proving the first two; it will be taken up in §5. All three results make precise, in various ways, the statement that most 3-manifolds are hyperbolic.
Tabulating knots. To put these results in context, we recount some history. A knot can be conveniently described by a crossing diagram, showing its projection to a plane. Motivated by Lord Kelvin's theory of atoms as vortex rings, whose different shapes would account for the different chemical elements, in the period 1876-1899 Tait and Little (aided by Kirkman) assembled a census of all 249 (prime) knots with 10 or fewer crossings (see e.g. Figure 5 ). It is a demanding but straightforward task to enumerate all such knot diagrams; the challenge is to tell when two different diagrams actually represent the same knot. In the 1960's J. H. Conway invented a more efficient combinatorial notation for knots, based on tangles. This notation allowed him to replicate the work by Tait and Little in a matter of days, and to extend the existing tables to include all 552 knots with 11 crossings.
Both tables, however, contained a duplication: in 1974, the lawyer K. Perko discovered that the two diagrams shown at the right in Figure 5 actually represent the same knot.
Algorithms and geometry. With such pitfalls in mind, the prospect of proceeding further seemed daunting. Nevertheless, in 1998, Hoste, Thistlethwaite and Weeks succeeded in tabulating all knots up to 16 crossings -all 1,701,936 of them [HTW] . How was such a tabulation possible? Its cornerstone was a computer program, developed by Weeks, to find the hyperbolic structure on M = S 3 − K. Although based on a heuristic algorithm, in practice this program almost always succeeds. The hyperbolic structure, in turn, yields a host of numerical invariants for K, such as the volume of M = S 3 − K; and it also provides a canonical triangulation of M (dual to a fundamental domain 'centered' on K). This triangulation is a complete invariant of K, so it suffices to eliminate all duplicate hyperbolic knots. (In particular, the algorithm immediately recognizes the Perko pair as two diagrams for the same knot.)
We remark that the practical computation of hyperbolic structures for knots, while motivated by Thurston's results, does not logically rely upon them; nor do the existing proofs of the existence of hyperbolic structures yet explain why such computations are so robust.
Evolving geometric structures
We now turn to the proof of the geometrization conjecture. We will discuss two important processes for deforming a topological 3-manifold towards its optimal geometric shape: conformal iteration and the Ricci flow.
1. Haken manifolds. We begin with some terminology. Let M be a compact orientable 3-manifold, possibly with boundary. A connected orientable surface S ⊂ M 3 is incompressible if S = S 2 and π 1 (S) maps injectively into π 1 (M ).
A 3-manifold is Haken if it can be built up, starting from 3-balls, by successively gluing along incompressible submanifolds of the boundary. Any knot or link complement is Haken, as is any irreducible 3-manifold with boundary. Thus most of the results stated in §4 for knots are consequences of:
Theorem 5.1 (Thurston) The geometrization conjecture holds for Haken 3-manifolds.
Iteration on Teichmüller space. Since the seven simpler geometries are understood for Haken manifolds, the main point in the proof of Theorem 5.1 is to treat the hyperbolic case. At the critical inductive step, one has an open hyperbolic 3-manifold M with incompressible boundary, and a gluing involution τ : ∂M → ∂M (see Figure 6 ). The task is to produce a hyperbolic metric on the closed manifold M/τ .
A generalization of Mostow rigidity shows that hyperbolic structures on the interior of M correspond to conformal structures on ∂M . They are therefore parameterized by Teichmüller space, a finite-dimensional complex manifold homeomorphic to a ball. Thurston showed a solution to the gluing problem corresponds to a fixed point for a topologically-defined holomorphic map
By iterating this map, we obtain an evolving sequence of hyperbolic structures on M . If the sequence converges, then M/τ is hyperbolic.
One obstruction to convergence comes from π 1 (M/τ ): the fundamental group of a closed, negatively curved manifold never contains a copy of Z 2 . In fact, as Thurston showed, this is the only obstruction. Sketch of the proof. We describe an approach based on complex analysis developed in [Mc1] . At a given point X ∈ Teich(∂M ), the Poincaré series operator introduced in §2 provides a map Θ X : Q(∆) → Q(X) from L 1 holomorphic quadratic differentials on the disk to those on X. It turns out the norm of the operator depends only on the location of X in moduli space, and satisfies Θ X < 1. Using the fact that Q(X) forms the cotangent space to Teichmüller space at X, one can also show that σ • τ is a contraction in the Teichmüller metric with the bound
Now start with an arbitrary Riemann surface X 0 ∈ Teich(∂M ) and form the sequence
Then the bound above shows we have uniform contraction -and hence convergence to a fixed point -unless [X n ] tends to infinity in moduli space. But in this case X n ∼ = ∂M develops short geodesics, which bound cylinders in M that are joined together by τ to yield a torus in M/τ as shown in Figure 6 . Thus π 1 (M/τ ) contains the obstruction Z 2 .
This gluing construction is the pivotal step in Thurston's proof of Theorem 5.1. It also resonates with similar approaches to the topology of rational maps, the classification of surface diffeomorphisms and Mordell's conjecture in the function field case; see e.g. [DH] , [Mc2] , [Mc5] .
For simplicity we have assumed M is not a virtual product, S × [0, 1]. The gluing theorem remains true in this case, but a somewhat different proof is required.
2. Evolution by curvature. We now turn to the second approach, used by Perelman to complete the proof of the geometrization conjecture.
Darwin recognized that his weak and negative force... could only play [a] creative role if variation met three crucial requirements: copious in extent, small in range of departure from the mean, and isotropic.
-S. J. Gould.
In 1982, Hamilton introduced the Ricci flow
for an evolving Riemannian metric g ij on a manifold M . This is a (nonlinear) heat-equation type flow driven by the Ricci tensor, a contraction of the Riemann curvature form that also plays a central role in general relativity. The idea of the Ricci flow is shown in Figure 7 : here, an initial space of variable curvature evolves continuously until it becomes recognizable as a round circle. The manifold bends in response to its own shape, continuously adapting so that as t → ∞ a metric of constant curvature may emerge.
Hamilton made several pioneering contributions to geometrization using the Ricci flow, including a proof of the Poincaré conjecture for manifolds with positive Ricci curvature [Ham1] . In this case the manifold shrinks to a point in finite time, but under rescaling it converges to a round unit sphere.
We remark that the Ricci flow, like natural selection itself, satisfies the 3 principles enunciated by Gould: as a differential equation on the whole manifold, it is copious in extent but small in departure from the mean; and it is isotropic, since the Ricci curvature is an intrinsic invariant of the metric. Perelman's work. There are two main obstacles to long-term evolution under the Ricci flow: singularities may develop, which rapidly pinch off and break the manifold into pieces; and the manifold may collapse: it may become filled with short loops, even though its curvature remains bounded.
Perelman's work addresses both of these obstacles, and indeed turns them into the cornerstones of a successful proof of the geometrization conjecture. In brief, he shows that in dimension three:
1. Singularities of the Ricci flow always occur along shrinking 2-spheres, which split M into a connected sum of smaller pieces. These singularities can be sidestepped by an explicit surgery operation.
2. Curvature evolution with surgery defines a flow which continues for all time. 3. In the limit as t → ∞, a geometric structure on the pieces of M becomes visible, either through convergence to a metric of constant curvature or through collapsing.
As a consequence we have: Comparison. Many detailed accounts of Perelman's work are now available in the literature. Here we will only add a few comparisons between these two different evolutionary processes.
1. The discrete dynamics of conformal iteration takes place on the finitedimensional space of hyperbolic manifolds. It proceeds through a sequence of classical, finite-sided hyperbolic polyhedra with varying shapes, converging to a form suitable for gluing.
The continuous Ricci flow, on the other hand, takes place in the infinite-dimensional space of smooth metrics. Constant curvature and homogeneous geometry emerge only in the limit.
2. Iteration on Teichmüller space is a contraction, and hence guaranteed to converge if a fixed point exists. In this way it leverages Mostow rigidity (which implies the fixed point is unique).
The analysis of the Ricci flow, on the other hand, pivots on monotonicity. Various entropy-like quantities increase under the flow, allowing one to obtain compactness results and to rule out breathers (oscillating solutions to the flow which cannot possibly converge).
Rigidity or uniqueness of the limiting geometry is not apparent from this perspective.
3. The approach for Haken manifolds is bottom-up: the geometry of M is assembled inductively from smaller geometric pieces, by cutting along a hierarchy of surfaces.
The Ricci flow approach is top-down; the metric evolves on the manifold as a whole, splitting it into pieces as singularities develop. Thus it can be applied to 3-manifolds which are too tightly wound (or too homotopically simple) to contain an incompressible surface.
Because of these features, the evolutionary approach based on the Ricci flow is able to treat the geometrization conjecture in full.
Remark: The cone-manifold approach. By Thurston's Theorem 5.1, any 3-manifold contains a knot such that M 3 − K is hyperbolic. One can then try to increase the cone angle along the knot from 0 to 360 • , to obtain a geometric structure on M . This cone-manifold approach to geometrization works well for constructing orbifolds (see e.g. [CHK] ), but it runs into difficulties, still unresolved, when the strands of the knot collide.
The Ricci flow, on the other hand, smooths out such conical singularities, diffusing the knot so it can freely pass through itself.
Open problems
To conclude, we mention two of the many remaining open problems in the theory of 3-manifolds. Part of the impact of the proof of the geometrization conjecture is that it allows topological problems to be studied by geometric means. For example, in the conjecture above, one may now assume M is hyperbolic.
In 2003, Dunfield and Thurston verified Conjecture 6.1 for the more than ten thousand different hyperbolic 3-manifolds appearing in the HodgsonWeeks census [DT] . Further progress includes the following result from 2010:
The proof uses ergodic theory on the frame bundle of M to analyze statistical properties of the pairs of pants it contains, which are then pieced together (in enormous numbers) to form a closed, immersed surface [KM] .
It remains a challenge to find a finite cover where this surface becomes embedded.
2. Quantum topology. The curved space of general relativity becomes a sea of virtual particles when viewed through the lens of quantum mechanics. Similarly, quantum topology gives a new perspective on 3-manifolds.
An example is provided by the knot polynomial V (K, t) discovered by Jones in 1984. The Jones polynomial can be computed from a knot diagram by a simple inductive procedure, but it proves difficult to say what V (K, t) measures in terms of classical topology.
On the other hand, Witten found a useful description in terms of physics: in 1988 he proposed that for each integer k ≥ 0, the value of V (K, t) at the root of unity q = exp(2πi/(2 + k)) should satisfy the relation:
Here A is an SU(2)-connection on the trivial C 2 bundle over S 3 . The factor e 2πik CS(A) DA represents a formal probability measure on the space of all connections, coming from quantum field theory and the Chern-Simons action. Finally K is the expected value of the random variable Tr( K A), which measures the twisting of the connection along the knot. Many additional invariants of low-dimensional manifolds have emerged from the perspective of quantum field theory in recent decades, and been made rigorous using combinatorial methods and gauge theory.
How might these developments relate to the geometrization conjecture? A possible connection is provided by: Conjecture 6.3 (Kashaev, Murakami-Murakami) The hyperbolic volume of S 3 − K can be calculated using the Jones polynomials of the cables of K; in fact, we have
, where K i is the cabled link formed by i parallel copies of K.
The idea behind this conjecture is that the SU(2) connections on S 3 − K should be sensitive to the flat SL 2 (C) connection defining its hyperbolic structure.
At present, the volume conjecture above has been verified for only a handful of knots, including the figure-eight knot. It hints, however, at a deeper connection between geometric and quantum topology, mediated perhaps by the multitude of fluctuating combinatorial descriptions that a single geometric manifold can admit.
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